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ABSTRACT

rn Section I the bayleigh reflection coefficient for a rouLth
surface is derived in a form suitable for inclusion in the
basic intc~ ral fo r the scattered pressure . A formula for tL ’~
pressure scattered from a rough attenuating surface is then
derived using this coefficient . The backscattered intensit~:
is calculated in Section Ii for various as~ur.eJ. distributior~
of surface heights. The results presented here are restricted

~:o the high frequency limit, arid are developed using both the
stationary phase and the modified Fresnel techni Thes. F in a t ly ,
a backscattering result for a composite surface is derived,
and, is shown to be consistent for both forward and backward
sc’%t ter ing.
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1~~ SCATTDRF~) PRESSURE FROM A RANDOI~~Y ROUGH ATTENUAT ING SUFrAC E

During this quarter it was discovered that the expressions given

in the previous progress report for the Rayleigh reflection coefficient

for a rough surface were inadequate. The results given previously

were only approximate due to an error in the method in which Snell’s

law was applied to the coefficient. This quarter a acre complete

and accurate treatment of this problem was derived. The folloa’ing
derivation differs from the original treatment of the problem r~ct on~.:~
in the form of the Rayleigh coefficient itself, but also in that the

coefficient is used, in the context of the original integral for the

scattered pressure .

The scattered pressure at point A is given by the integral

ikr

p (A) = i— 
f JP s

(~~) ~~ 
(e l)d , ( i )

there

N is a variable point on the surface,

n is the outward normal to the surface, and

is defi ned , in Dwg . AS-68-1100. The exact torn of t1~e ~~~~~~~~~~
boundary condition is

p (fl) ( . )
p1

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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.-,-pcre p (~:) and are the values of the scattered and th- ’~ i~ n ’.
pressures on the surface and B is the Rayleigh reflecttht: o c f I i c i e n t
,- :PioL will later be shown to be a function of the local slope cf tLe
surface , if it is now assumed that the incident pressure is- of tL~
form

ikr
0

it is then obvious that

ikr

= RP e
ro 

(
~ )

and,

ikr 11cr

p (A) = 

~~~ fJi~~ ~~~~~~~ 
~e 

)~~~ 

(
~

)

Following the development given in Section III - D of the F in a i  -
~ ~~-c t

under Contract NOOO2~-69-C-lF75, this integral  becoacs

p (A) = 

~f f  POR(e B R  )e

_i
~~~ ~~~~~~~~~~~~ 

~~ 
•

~- Pe rn

— sine 1 + sine (~ )

________ -- - -- -— --- - —---—---- ~~~~~..-- ———-~~~—
—---—---
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is a unit vector directed along line B
1
. Continuing this

derivation , it is now assumed t hat

~~ 
.
~~~~~ = 0x 1

• = C059
r (8)

A A

e • e  = sin6
5 1 r

so that

~ ~ -~ 
) . = -sin9 + ~ cose . (9)\ X X  y y  z .  1 r y

Thus the integral for the scattered, pressure is

ik(R +R )

p (A) = ff ~~
0
~e 

R
0

R
1 

i)  ~~~~~~ [R(_ sin9 i.+~ y
cose

r )j dxdy . (10)

Before this integral can be further simplified , a suitable expression
for the Rayleigh coefficient must ‘be derived. Feferring to
Dwg. AS-7O -795, the Rayleigh reflection coefficient is given by 

in -~ — C 5in~
= 

0Tc~ sin~~ + ~~c~ sin~~ 
‘ (ii)

whe re = + ~ an-i I
~2 = + ~ . ( i  

) S
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~t this  point . nell ’ : law must be applied to the formula Ip making the

subst i tu t ion

= ~~l - cost , = 
1 ~~r

2 
- cos~~ 1 , ( i ~~~)

where N is the acoustic index of refraction . Applying Eq . (12) and

(15) to Eq. (ii) gives

p,,c sin(9 +
~~ ) - _L~ ~~~~ - cos ’( 8  +~~ )1 N 1 (in)

1 
p2 c 2sin( G1

+~~) + ~~~~ ~~~ 2 - cos4(61+~)

Dy expanding sin(e1
÷~) and cos (61+~) and using various trigon~ netric

identities , this may be arranged into the form

R(61,~~) 
A + B~ 

- C~~DTl
2 

+ E~ + F 
, ( i ~~~)

A + B f l + C~~Drg
2

+ E f l + F

where

~~ = tan~ , and ( ] E )

A = o2c~ sinO1

B — o2c2cos81

p lc ( i i)

D = - sin (9 1

E sin~81

F t-~ —



- - - - - -- -—-—- -_ -~~~~~~ ,. - --—- ~~~-- - - .

I

For ease of application . R ( e 1.~~) is expanded in a V -Is lau !-ie ~~~

O F .
I.
~ 

-I- .-- + —~- 
_i_;~ + , .  , , ( i t )

-
~ 11= 0 cn1~ ~~~~~ 

-

h ero

F . 

.A - C~~~ 
p2c~ sinC 1 - -

~ + ~~~~~ 
°2~~~~~~~~~~~ 1 

+ 
~~~ 

- co:T ~

~~~~ 

= 

(A+c~~~~ ) 
‘

= 

[A+c~~~ ][2B~~~~~~~~
]

~ 
~ 

[~-~i[~ 1 (~~~
~~~~~~~~~~~~~~~

Pbs f i r s t  tern, of this series is just tin-n ~~~~~~~~~~~~ ~~~~

c o ef f in i e nt  for a plane surface .

‘inrn e 11 is the t ’nnrent  of ~~~, it is obvi ~u 5 f r~~ t-;~~. ~. — 7 . _75 5

tb -it  is just  the slope of the loca l  t a n r e r it .  t -esau:e the f o n . u  -

tion is restr ic ted to the plane of m e l  ien ’e. it n oy  ~ - a un 1 s

— y.  Us ing  th is  in the  ~r i -in-il cre~~~ur

i~(~-. +~

p ( A )  = ~~~ ~ L 

) 
~
_ik-.

~ [ e ) ~~ - + - . -~~- ]  ~y

L . ~~~ . 
_ _ _ _ _  ____ _ _ _ _



Fi t hi s  point - - m i  are recognized as random variables and the

i~. t -  o i l  for  p ( A )  must be replaced by <p 5( A)> . If it is as suaei.

t h -n,t the sc- i - f - ice  height , , and the surface slope , f l ,  are 11-151 e n Ien t .

the inteoral  for ~p (A ) >  takes on the sing le fern

= ~~~: 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Fios~ it has been assumed that is stat ionary ari d ini lep endent  of ~
be she-sn that

= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(t ~~~)

:ince is also stationary, its expectation value noty also be rer~ove i

f rom the integral , leaving only a form which is m ach ard y recognized

-as the pressure scattered from a plane surface .

= [~~
(e

~
,n)> - cotG <rlF(e l,n)>1Ke~ 0 ) P  . ( E D )

A s sun i n g  a Gaussian distribution of height s .

= [<R(01
,i )> - cot6~~ ri F\(9

1~ 11)>] ~~ p 1 . P 6

6
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( k a n ) .

0 is tIn e receiver  ‘m el e , -a ndr
p is the r essul e scat tered from a plane a~rfcce .

This foi- :n is o-uticularl y sinrile to calculate iue to the for’ :. ~t tb -2

expansiL:u of R ( 6
1.~~) .  Rearranging term s of the ser ies  give s

— cot 0 <:1 1 = [R( l — <~r~~- cote ) + p ’ ( ~t~~ - - - —
> t~~~~~)

(<n~~ - <v t’ ce tO ) + ...] . (
~~~

)

Thus th~ or ly  expec tat ion  values to be e- aLu l  a ted ‘ire of the  - n’-

= J ‘
~~~? ( 1) i i  .

-tan9 1

n - P e r e  t i n :  l o en - li: it f — t a n e 1
r - : � ~~s e t  m ole  J o  t n -j o e

co n s i d e rat i on . I :r the Fauss~ iii case n h n s e  irnt-ner- l s : i .re u i tn  -n ’~s’:

to e-~lcu l-~te ‘ml become

5,

1 1 Is
,~r ~

- I

n-F -s- n - :  n i, the :5  n- Lnm e c i  tIn e 1;n. - l - ~ ten; - - : ‘ i ; n - t a  - - 

-_  - -- -~~~~~~~~~~~~~~~~~~~~~~~~ ----- - ~~~~~~~~~~~~ -~~~~~~~~~~--- -- - - ---



- o r  the case where 2 is an odd integer , this h en c e:

5,

I £ 2s
<11 > = fl e . ( 3 u )

t anO~

Poa let

2 
d~ 

- F~ d~ . (~ i)

so that

= 
1 [ 

~~~ e 2
~~ i~ (~~~~1)2~ I~~s J 2tan &

Ini :: n ay  be easily integrated using Gradshte~m and F~~hik i nt egr - ml
~ , 5, 2;~]3 (p. ~l7, ~th edition) and is lourS to be

2+1

<11
k

> 

~~ 

(~ ) - 

~~ 
t~~:~~~

)

-h e r e  F ( a , x )  is the incomolete gan~~a fu n c t io n .

I r  the ‘ise n- hoi -e  £ is an even irF n~-er

tune 1

- S f ‘i t
l (  ) t n + f 

~~ 
( i )  I ~~~~

C ’ -4 10’)- - I

L.. -5------- -, - - —--- ----- - - ----- ------- - - -  - ~~~‘~~~.:i i~~~~~~_



-- ~~~ 
- — -— --

Froccedino in a similar manner this gives

2+1 -

<

~~~~

> “ 

~~~~ ms ~~~~~ 
~~~~~ 

t~~~d

I) + -

‘these value s nay be easily calculated an-:1 c c n : ib l r i ei  wi th  t l , r v ’mtu -n s

of F . . -
~~—~~ . etc., to find the value - --1 ~~~> - n - e t 0 r

The values of F , F’ , and B ” will be complex inecous e of th ’n assum e i
at tenuation in the bottom , so the entire exprrs ssion tel- the c -I -ens ur e

will also be complex. An initial  numerical calculat ion n- m i s  u s i ro

only the f i rs t  two terms of the expansion of R ( 6 1 ,
~~ ) i’hioh - etv~- a

reasonable agreement with liackenzie ’s theoretical curve s , - -h i c h  ~/5 Ie

presented in the previous progress report . However , the lank of aor-ne~
-cent in certain areas of the curve s indicates the need to include

higher order terms in the calculation .

__ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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II. BACKECATTERING THEORY A uG EXPEPIhEI’IT

A. introduction

The analysis of experimental backscattering data prove s auth more

diff icul t  than analysis of either forward or specular sca t te r ing  i’ita.

-lany investigators have assumed a composite (several types of ionic-

pen d,ent irregularities) scattering mechanism in order to obtain the

desire-i fit to their experimental data. However, if the c -mae nom pu n i t t -

theory (with the same input parameters) is acalied to fcr i ’ar i  - : - : -m’-

t e r ing predictions , satisfactory agreements are net obtained. In

addition , man y composite treatments are limits-i to use of the r.c-n:-mn- --

lytic exponent ia l  correlation function . In , n ec :t i on C of this oh ’mr te r

a qualitative description of a composite theory (two type: —if r ough ness

in this case) is given which does not have these limitaticr:. i Iew ~ v er .

the asin ur ry t ion  of two t ypes of irregularities n - e n u i i - e s that tin e

surface stat istics be known in great detail. In tact , it is - t it f i c ul t

to see how the composite assumt ion is going to- i -v i p  t I n e  b- tel-n c -h tel-ice

orehi-st ion problem other than to provide an “ a i~ u :t-m ie ” p -t r a m et e a ’ .

Fec t ion  B will  be devoted to an alt -ero~n 1 - - ’ s m O l - : -  I ‘n in i  nm 1 1

l i l al results simi l ar to those obtained by t In ’  - - ‘ a c  sit ‘ nm - f l r , ” t n i  i-y

u si ng  ar i exponential  correlat ion f u n c t i o n . Tine ~ etI - 1 i : m - i - -~‘ i l l

t i n ’ .‘tntt ion-ary phase t e — ’lnni us d , eve lon — nnd in  t h e  I- in tl I - c  i t  m i n i  tsr

Fontr ’i— ’t  NO OO2~ -6O -C-l~- 75. The s t O  j e l l - c r - : h : se -: l o e l o m o  i i

good igr eco nt  wi th  t ie -  i : - r w o n - 1  - t~iJ  : n : r -~~1- ,.2 - ‘ I  - 1 : 1 0  1- 0 - -

~~~~~~~
-. ELA.NK—IJOT ?ILJ~1n~D

L.  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _ _ _ _ _ _



B .  • t -m t i on nr y  Phase Backscatter

The bas in  formula for the stationary phase method is taken as
n i t .  (4 9 ) frcnr , the Final Report under Contract u;000P4-65-C-1275.
Equation (49 ) states that the scattering coeff ic ient  -c ( no t  the
scattering s t rength)  can be wri t ten as follows:

<I >
S

p

—0

= 2(~~
ik-r)

2 
+ o ) 2

~~~~~ 2j ~~ ~~ i~~~~~~ (~~~~~~~~~~
1

))1 
r—i r

4 - 2(~ i-cn)~] , (56)

a-here the notation and geometry are used in the 1-ev ic -u c ly  re t -~i’c~-~’oi
final report . Equation (5 6)  is next integi-atert for tine ‘ t:e n~ -t

three-halve s distribution of heights.

The marginal probability lensity l nonc~ I n t ’ - n -  hr - 
~~ ‘ -  ~i- s t 1

~~~ s

distribution of height: is given by

= 
h~ - (~~~~\

2(1-.~ ÷
’ ) -

-cn i the t-ivariate di stribution is given by

= - - . (~~~n~- : 2oi (i— n )’ - f . P , ,

1 + —

t ( i -  ‘ )

-



‘m oe a variance does not exist for these distributions, a oorvennier~

~juantity to equate to the experimental m s  height in given by the -

interquartile range . The interquartile range can be written as —
~~

-- ii.

The characteristic functions associated with Eq. (57 ) and F-i . (5F)

can be stated as

(_ ik ~1) = k7hK
1
(k7-h) ( :9)

(P t )

where g a k
2
y
2
h
2 and h = 0 .866 he ( expe rimental m c  he igh t ) .

When Eqs.  (59 ) and (40) are used is E-i . (56) m ’ s obtain the
fol lowing scattering coeff ic ient :

- o
2

gK~ (g
1 2

) + 
A ( r : r 1~~~ 

~~~~~~~ 
r (1_C )]

1 

~00 10
C

El - o
2

gK~ (g
h 2

)] . (
~~i)

The asypptotic form of Eq. (4 i )  car e state I an

2~ yF ( 0 l/F ) 
AF~ ( r + r

1 ) 2 

~
2 L~ 

-- ~ [l~~ i -F , ( g ’ .‘~)Jy r
00

r
10 :g ( l Iv ~:y -/ ( I

.1
_



- here a Gaussian correlation function (with correlation length L)
has been assumed. If the full series expansion for Eq. (4o) is
applied to Eq. (41), we obtain the following form:

2 1/2 
A~~k2(r +r )

2
e
_ (2~)~

1’

f 1 L2e~~~~~~
1”

° = ~ g 1(g ) + 
2 2 ( ‘5’ ‘

~i~ 2n2itr r
1 \ ‘—

~
( 4 3)

m+1

~~ ~~~ 
~~~ (_ 1) J_ 1

(2~~)m/2(2n_2 i l)~~

)[
l_ o2~~ 2 (g 1/2

)]
~~~~~~~ 

~~~~~~ 2~(m_2j+i) (j_l)’.2J~~

where the Gaussian correlat ion function again has been used. In
order to compare with other authors ’ work , Eq. (42)  can also be
stated (for backscattering) as

A (’r +r ‘
~a = 2 2, l 2 ~ ‘ 00 lo ’ 0l’if og K ~~g ) +  

~
- 7 —

- - -r r 4
00 lo 3m cos ~+Csjn

’°t

- - (4 4 )

~~ - p~ gK~ (g
1 

~)]

where
2 2 2

C L cos ~/ 2h
F = 1 cos~~, and

represents the ang le of incidence , (i.e., ~ + 9 = 90 deg).

The expre ss ion  in b r e ’ e s  in’  of the nam e form obtained by T-~ing and
1,eovarts [Ref. i i ,  heckrnann {Ref. 2], and ~nircu: [Pet . 7 ] •  However ,
t lj ~:se authors used the rtonanaiyt lc  exponential correlation function

1 (

_ _ _ _  _ _ _
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~~n t-:l _ vn .n , th e i r  n -e cu ]  t n . .  As recently shown by har~- i -  :1: [i - - : .

t i s ’ - ~~s -) tt h  exponential  n i -n - e l  at i cii is ion- n i  - f

~‘ince prO ’ I cin:.ilV -d i f fi c ult i e s  have oc - u r n - c~ in.  t h e

-- tc . ( 4 ~~), on i~ Fbi . (4 ~~) wil l  inc cono:J ’ cI’ .1-i i- ith t in ’ e:• n .e1- j m-1ntcn
i- it - n .  n -an - hogs .-1l’ — 7o — 1174 an -ni As — 7-n—1 l75  ‘mrs t n  nerO ar ise -r i ,  1 t !. .

- - x n - r :Lnce nm . T~ -n i’r ’.nn - e t m-n o n-; - mys thcsc � ni - e l i-~- t i cn~ an ~u :.:: . :

( 1) is’: u sin i . ’ the f u l l  cc les n on-a of Eq . ( 4 )  in steoi  -f ~u :t tine

:msyr : totl-o foi~ yen 1-:-,- E n . (P t ) . an 1 (2 )  by a sore  -~cmnr o t ~ s v ’ l u o —

th en  cf the s lope correction term F. T I e  en~:nue :c ion  n o r  F gmven  in

t in i c  I~~h O i t  is On : y the :v- . lmi- ’i t i cmn ii’ t i - ; t n n n o  s l o p e  - v -n :o ti0 n n t e n t ,

( -sin9 2 + ~ cocC 2) at the stationary phase c - m e t  = -‘: -v , . T1~o

m - e s u i l t i n n o  fF r-r , for F is then taken out of t i n e  s o a t t e n i n - J.n m ” . : - - s l. nc
much - - o n - -n a :cui”cte n- - :y to- n -ed ic t  back so-attered. n -ecu  t s  n- , : U i  ~t h r  ‘nc
in - _ n p  cnv-n- r :t i : i nno u n - m n r  the .Lnt eo rob . lin en f i n n -  above cnn i - r e n t  j o-n: o n :

± n i n n l u i e - i  inn  the i cr:: for the baek:cattcr coeffi  -t e n t , th-  - - - i n

cl t i e  on -y ;- -‘ith expen -i :: .snt should, be irnpn ’ove I.

P. Fresool High 1-re nu e n - :’y ]]- cc k :cat t ec-  P

‘I i : :  in i t e n i s i t o cn :u-hj : ’:  i ron: . n’ }ni n t i c -  in i e l i  f i n - -  m n - - n -ny ‘t’~~n -: , c’: — ‘n -

S i c - il - t i c — n -:111 ice nn - :~, in: ‘ - , - d rive in : t in e  inch 1- - : - r ~ - cnn’

-cm i n n t  bD0U. sP-ht - -l 7 - ni 1 ln - t~ the t’ni 1 cr-n ine n t n - . :

(~) Jfff c 
-

> (
1’ l c ( ‘  ‘)  1(- +

- ~ ~-t  \ I— i  ( 
-
‘

\ ~
\ x n ,  : . n 7/  J
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,
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+
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If tine amplitude factor is disregarded, then P is simply the

directivity pattern of the source. In the final report mentioned

previously and in the previous progress report under this contract ,

the necessi ty  of using a directivity pattern and the Fresnel phase

approximation was discussed. Also , an analytically tractable approxi-

nation for the directivity pattern was presented. The detailed

result s for the intensity calculation based on the assumption of
Gaussian surface statistics were presented in the Final Report under

Contract N00024-69-C-1277. However , at that time only the forwar i

scatter re sults were presented. It was clear then that Gaussian

statistics were inadequate for ‘backscatter prediction s inc e they do

not predict the Lambert ’ s Law type behavior , which occurs at small

grazing angles; consequently , an investigation of other types of

probability distributions of height s was undertaken.

Consider first how the stochastic nature of the problem is taken

into account . The principal quantity of interest in Eq. ( i 4~i) is the

bracketed expression

Ke
_
~~~I~ 

+ - e~~. 
~1J[~ ’e’ + - e’). eu ) (4 ()

If the processes ~ and ~~‘ are assumed to be IncnnncpeneouE and the

following conventional approximations are made,

~~ 
.~~ = 0 , ~ .~~ = cos9 , ~ •~~ = sin& :- = sinO + n i n & .x 1 y 1 r z 1 r r i

(4 7 )

P0
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t i , - -~: :v~co r h i . n n e  to Appendix 0 of the Final i’eport unme t ‘.‘ o in tn - n .-t

:to~ 
P_ 6q~ -l (7. i-’p .  (46 )  has the e-nuivalent expression

(
~~~~~

‘ 
~{1 o) = sin

2
~~() + 

1~~~ ’0~~~ (~ 
- 

~~~~~~~~~~~

cos 9 -~~
+

- -

i-j ioii’e natural notat ion for ). Inn a000a ]y

p~ rforo.inig the clen-ivatives indicated in. i-’Cn . (~~o ) .  it u j i l  i.e - -c s . r o . ~~d

that  the processes - and - ‘ are - i so  stnc ,tioin - .n n - : . ; t } : l s  i m n t i i c- s
_
~i n ~x , = 0. where h is the ran value CI tine s-n j ’face in-2igbn . 1r

1 
- -

adnt it io- ’ n .  for - a s tat ionary process ti !-2 corre -st ionn tic - -n 2 : : .  dc -n-c-n Is

ens the diffor-:-nce of tin e cn.n .r- iin, - ctes ~ x—x ’ and =

resu it i r ,e in a conn. icl erably easier i :n t - :oi .- F : O n n .

The most in t e re st i ng  f~ ~t i n r e  of Ps . ( 4— n ) is fina l  onl y boner -h ede n

of t i n ’  ‘nI s~ t n t e r i n n t i c  f u n m n : t i o n n  ‘ m l  tIne c o r n ’ n n i a t i c n n  11-n. n t i ~~in is nec n-n o

n:~ i- t n i n e the .:u- cetities is: I s.  (4 6)  cc’n-ni -tol I-: . ~ l o - t ’I; . t in --

nsr ,nic c,icn t it:: .il. cfn ’i t u t i -nn:  tn- - - t i -on t ic , :  I, :’ r e n o i r - n t iS ~~~ ‘~~~~ .

nC - ‘ 
, , , - ‘ ) a: a s-nn nnu ’I t .  tin ’ n : r - ’i ‘L e n . Ic 1 -a :-: y Y  -

I i i ’ : -n :nn’ -n .L’tion t ’wie t- l . cn s that - r-:j ll ins- nf  i : t  r - ’ . , - t- iii i ’ l  c n n - n - u- - i c ’

r o-crt  - r n  the f- - ]  1nn, i r n ’:

-S A : :p ’T AF : ‘( ~ • 
r :- ( _ ,

— 
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~~~~~~~~
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It, ant s r - ’ointei out in Section B that the exponential correlation

su f f ers from several disadvantages, most n otably a lack of analiticity.
Inn view of thi s problem , a search was made for a funct ion which w o u l d

behave bike an exponential funct ion moderately near the origin , and

yet still be an analytic function; the result ing funct ion we have

name-ni the Hawker correlation ftnction. Therefore , in the actual

caiculaU on of backscattering, only the Gaussian and the Hawker

correlation functions will be used.

It has previously been shown that the high f’requency limit:

(or  asymptotic forms ) of the intensity are obtained by expanding the

correlation function in series and retaining onl y t ine  f i r s t  two terms .

Thu s , for the Gaussian and Hawker correlation functions the high

frequency limits are obtained respectively from

2 2
= i - + .. • (~~ n i )

L’

2 P
= 1 - + • . .  . (F l)

So that no confusion resu l t:,  it is nnc .: ’:;ary I s -  -:cc: in n m :  i

that the parameter L , which is the corrc ’l at i - nm ‘ c:not T~, ta)-:es nn

different  value s in the Gaussian - tn -I  H-cw icer c - r r e i ’ h  i-s r fu rn , ’i ion~~.

In addition to the two cm -relation f r : : - -4 i : :, th ree  niitl’orennt

bivariate s t a t i s t i c’s  w i ]  I also be soon n - n ’  - I :  F’cus:.i-tn , n a~ onen’t .i-cI

and Three—h alves ( t t u i ’-n ’.c ’ n t r- ,- j t .h ~ - i ’ - -n’ F c c ’  t fm -c 10’- n )  . The I - t a i ls
cl ti c: nk :a i a,:t ,eri:ti  uj m ’ ’ tj o f l  ~~~ cn , l t t j m l , 5  c- - n -  ; - n - ’ - c e n , t - ’-I  i n ,

c - r i - d y  A h the Fi:: ’cI ~~ - r  i - r i - i ’ - r - :. i - — - ’ - - — F - ’(- , so I-hr ’s “ ; jl l  1 . -

Ii :pc :n scn I ‘~‘i t In ‘ -n- c .  In t i-h . ‘n - s t  a nn -n i l  yl In-i l I - i  - c i  I s in the following

‘na ’Lcu l -cI ,i crn: will b ‘- ‘n:,U.~ ‘ - -1 no fl at s— r I y I l i e  l’ina n - si l ts  c-n i l l  O~~i c- ’ti’ . 

-~~--- - - -~~~~~~~~~~~ ‘-~~~~~~~~~~~~~
--‘_-
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- - , : - ~~ sn -  i - snn l - i ’s a n -.I ‘minc -  i - i st r it ut i o n n

- m - i . : f is  no: -t ic :n f - c r  the ;aus n - m i  in-ivan -i - , ,~ e
iF 1 :n-itnc .innn , I - _

~_ g ( l_ C ) 
( _ — )

n~n ,o i c s t i t ut i c ,- n ’n ~ ~~ . (s~) ~n ( 70) , one nintain,:

( 
)“‘ = e

in

- - lo re s- = 4 ~ i n 6 k i b i . ~Then i~’n . (75 ) Is u s c o  in cc:n~~u~~- - t i - s : ,  -i’hn

t inc - I i -es-n d ninas e approximation . an .i icenmn, funn:tiorn mc: n - c : -n i  —

‘-na t ion  in F~n . ( . s ) ,  the following result inn n i c t - ,, i ’ c - t :

/T ~~~~~ — + 

4c t-8 
- - + e

\ °7’;g b C IA~ s 16: j

is the ron: slop - -cr 1 is given ic y

S ,

-n: :’, i

‘1 = ‘ ( 
~~~~~~

id- br rlo no

i I - -r-  is t i n e  inson i  ‘ic - - i  e l lip t ical  ‘u- - : -  • - n - - ens~ - e , I n - ] ‘ c~ -
fO  t l :~ h - ’cn :, l i u i cl:i onr , ‘l i i l  s ~c c m i i I .  w i l l  1 - -  ii , : u s - ” j - : - ‘e ’n ’ , cI I ‘- i

F’ r-’ ‘mit: I~~~ L I H - I c r I . i v - ; n - - U . -  Ii s t r i l : :  I i i : ’ .

_ _ _ _ _  - ‘- -~~~~~~~ ---~~~ ---- -— -—- -- —--- -- -- - -~~~~—- -- -‘—-- — —-~~~~~~
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Ii

- r.x -- - i s  i-iF , i -  iv-m ri nm t - e  D i s tr i t n ~t i -nn ,

i_ l ie - - i , a ~- - n~- t e i i ’t i c  function let  the i-]xponm-ntia] ti’:.n ,n ie e

Li : ti - i l -o ’ .i no is

= 
I (a)

n- F ish inc- :o:-n-s c u oc -nn sub stitution of E s .  (4 9) ,

/ \
h . f .  

= 
1 

-
~ - . ( do )

\ /

U sing  -- , . ( ( U ) .  t i1e Lach: :nat tered in t ensi ty  is obtaine d in. a “.an.n , or

I i - : :n t ic ab  to  Is I s -  - b2us sni ,mn . o- .m lc:u 1 :1  I on: .

- _ (c:ot 8 - fcot e ~sct
”
~f ~~h . l .  - - r r , - -

/ v ’~~~~ ’~~~~~~~-3- - not e - — 
- 
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-
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3. Three-halve s Bivariate Distribution

The }:i~’l: frequen cy version of the char acterist ic s f i c .om ic :n .

i c r -  the Three~haive: bivariate distribution is

( p 2 2
)( )h . f .  = e , (6~~)

nu n -i f,i’o’ r n t i n i s  the ‘in nn ,ck sc: t t te n -e  1 in t e r n- i t- c  i s  :Sit’ ,j se ’I a:

(I
~~~~~

• 
+ ~~~~~~~ + 

c:t 4

e l  ~~ 

+ 
n -c t

sj  (, — )

It  should be noted tha t  t i n e  m -ml cu i  -n t in ns: s  l e a L i n :~ ~ . ‘ t n , -

in t ens i t i e s  given by E Fs . ( ‘ 6 ) , ( 61 ) .  and, ( di” ) oi~t : n-r l mnn - I

the - .]aussian correlation fuo n t i e n i .  Coac ar i son In c F. ~c .  ( ‘n 2 )  - (~~~
)

inca- n- that

L~ ‘— - - P, 1 . (
~ 

.)

Hen —n - s  a l l  of tIn- :: r e s u l t s  lot  the i n t e r ,  s i t’s  c- c ’I . n ’ o ] ’ m l i -  l u ’  ‘ I . - ba u : : i n m n ~
c e n t ’  l i s t e n :  I n c - t i n - n :  : :-mJ] ~~ 

. ‘Xt c- !i lO- ’t t n  31, ’ -  5 - n , 1 , n n . . r n _ l ’ , ’i  n:

f un c t i  on -, int- Un inn e t hen :1:- Ic :ulcstitnn~ icr el ‘:~~:. 
~‘:~ ~~

. (1 - . . ‘:10’

vaIn, ’:: ct P . - t n . n  L
H 

. 1. 1ve I i i : s ~~~ .:c-o. :1’ r - I C  + 1

~L — ~. -~~’,n~ ’:l  :. -r r: ’ l m l i c ’-n:  I n - H I  - n .  - m n - ’ i . -- i n .  ‘ m : . t

‘ ( n 1 - ’ ’ t 1/ ’ i s’ , T I . - s l o pe :  in~ end . - 1  n c -  c m . ’’-: ’ - - n.

n ’ . - .

ann

- ‘ 1 .  . ( i l

,1 

-——-- -‘-.--- ‘- - - . - _ _  _ _



F on:, p cni i n ’  i’I~~~. (~~~~ 
and (65 ) .  it : n m u e m m :  that .  in n t I ,c  h i T h

• n c-c- :‘ ,en . ’c: limit cm surface characterize-I 1, :,- a l ’m-,-:b~~n - -s~.r -r ’ e l n t t i  ~ n -

:‘-, sn ’n n c ion n bc - i n n - too  as rn n-ougher ‘un - f - i ce  31: -un 00-2 cL - nm ‘n . ’n t , n n -izeci by -n

T n: .  si un c n n r n - c ’ J - n t i o n :  nIs c1i~.-e 1-c-cause 01 t i c -  . ‘c ’s’ - .i , m - u- . s b ’ .- ’ : (

Tinbi n ’ t -  ann i : : t .cs-sc-n :ting :e-n t or tn  s ince  in 1:1:’.: io, i’ i O  lov:~-~y I isP t . t i e

d ’biOs !L is t i O r  l cc - ,mose t I e  l!aa’ker ~~- : : :l’,i i .  1, - sn n - cn n -n i , g rr - -e ,er’  ‘ ‘n- re- I ’ . —

n j - n : ,  t i - u . I F :  ]mn:: i-u lw:dl ,!,. dn, i n: t i n c ’  t o i l .

i~ i aiui t ion tm n the funut i en i - c ,  si ::.ii::i-if : -
‘
i t a m :’ i n-c e n .  nn .’j s - ‘

Is in- - n - a I bo-n ine r - cr o. ‘ :un :s : c nn - cm ’ r - ’-I  h ii, 1’ . - . - . - . ~- :n , - - n ’ - a r -  5’ n - h

- n n - n m  t n t  c:r~’ :1 in . ’ tc - n t u n - c ’  I n O .  ‘nr c-nt in in ’ - n I 1. ~~
‘
~~

‘ - :  nu e :  c:: 1 : 1  ~.

in- s t  ‘ ice  that  t h e m e  is ‘tlj :o li _n t e ly  run’ fr  c n n  enìc ’ y c m e - : - e r ~ m °n: m ’- in 11-

I : : o n i - ’itie: . :ivc -nr in’,’ 1 - , :: . ( 5 6) . ( d i .  eec ( P C ) .  F .-: ’ . n ro l . i-c - t i n ~~f

1: no i — c - t n -at. cc F - ’ n - : i snc  n atO-si i lL- :: m c -  S e -  n .  L- , - n . S c  - is

l-n :se i n’t l - i - h ] : ;  ~,-nn t in t - u , : s l o n u s .  b ] n n ” l T ’ , ’ . I’ 1: :1- -u’ 1’ : ’ ’ - , i l , ’,

-m n -3,metel’ C’. H 1  ~‘t the in~te n i s i t ’ ,  is ‘ u — s  - . 1- :0 a:: 51 , - n ’, H 

len - .- n ,Li c is c ’ivcsn n ic’, i n -  r an n i :. - i i . — ‘ - u i - i  ‘ - - . 1 - .  H - . ,
- 1_ s- co

1 (~ - +r ) .  I nn ~.‘i’e vim -us : - -c :~~’ n I . s .  i’ l :m .  c— s r - i , - ’- : .  . i .  n i
10 0 0

n ’ui’i” c ’c-C t in ’ ‘c -- nc- hu T cml mr ou - ’ i n s  i - 5 ~ 0e n o n  o n e  1 (~ + ‘-  is
- - ‘n so

‘is : m’ ii ct -:nl ’, I S o ’ - i i i ’ - : , ,  , - n ,  n TH-

.1 - n - _ n i t ’ : -0  ‘ n ’ a - n n : :n o : : l . - ’ I n :: - . A . . - . - n  H - . - -, - : 

• ‘ o l H n - ’ ’’ r ’ ’

, n - n - n ace ’s n t n:.e t i u n n  t ’ m s -  :n , - - n .  - ic - c  t i t c -  n - - s n  - n - - - : . :‘ n ‘ - ~c - c , :  . 5 - ’~~.

‘ - s - n i H - I  in 5- 1 , n ’,. I O , . ‘ m: , n ’ n . ’ n ’ -  a t .: 111 : 1  - a n ’ -, ’ : n - n - - , : : . ‘Fi n ,- ,

‘ n s i n : ,  - t o  ~ t : - L i  P ~
‘ , ; i : c - n .  ‘c ii ‘ I I  . : - ‘ 

- n ’’ -: -: n - - m - !‘ ‘i ’ : - :-  : 0 ‘ -

i. :n l :  ha: i - e n ,  c l  i n _ n t - ’ :  i _ t i c  - ‘f ~l I oH -:n’  ‘ n ,  m i ’  : . Inn - 
- - -

‘ :‘ -

n - u r n - - i .  i i - : ’,-:c” veni - . t ! . d l c . ::. u s t , -. i  ‘;iF in , - 1 - - - n o  n - ma .  151 n n n - ’ I n .

n ‘ r n -  el th e  ,c ~. l i  - I - n : : : ’ . n . m ’.’ I dI ’ . - h O e  n - - : : n . t .  H is is

-]- mio ’cl in .: ”: ’ P u - O S  ‘ h ’ ml c ’v o : n  in :  I -F ’  i u -~-: in ’ - ’ . - , l l s . ’i ’ ( S c - , ’’

~ ‘ :-: m -- : - l  ‘ -  ) thin : 
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The theoretical and experimental quantities cc :nn npam - -cd in

t o:. .lf-7 ’J- -1l94 , An--70-1195 , and AS-70-ll96 are the sca t tc-r i i ’- ’

coe ff ici ent s  defined by E q .  (56 ) :

= <I s> (r1 + r )2 , ( E l )

r ’ :ln ’on ’c the thecr et ical  backscattered in tens i t ies  given by I l l s . ( 5 E~),
(61), and, (6~) have been used. Care was taken in the selec t iunr  c-i

the experimental dat a to be sure that they actually corren cp conde -L to

the hi gh frequency limit . It is fair ly certain that the dat a :trn ownn

for surfaces III and I are in the high frequency limit , s ince t }nc -

200 kl-fz and 500 kHz lie quite close together~ that is .  the?. exh ib i t

no f requency dependence. Another interes t ing aspect of the ira ’.-.’ine:

is the notable lack of agreement between experiment an ’i i . t ire t }re -:n -e ( l i P

predictions.  This was unexpected since the Three-halves nun~~~- x : ’n--:: - n , ’ i :C

distributions resulted in extremely good agreement between ex er in ’e- nnt

and theory for the coherent intensity and for the fcn rwor -I :cattere-i

in tens i ty .  One of the most prominent aspects of tt’e Tl n n - e -n - } n : n i ’,’e:

theory is the upturn in the predicted ba ckscat t en - e~i i ::t en’n n ’ i t l; at

erasing angles below ~40 deg, If shadowing tired -:: ha-i Icc-en: Ir~ ’ci-c - “ t o  n, .

this feature would not be so pronounced even t l iuugI’: if cu — u I 1 n :l ,i . l1  b e

present . The reason for this behavior is that -mt ‘i on a n n ~” I ” s  Utc:

Three-halves distribution predicts that the :s - mj :r i nn t e n s i t ~; c:::: ~n . - -n, I

wi l l  be given by

14cot er 
-- 

s cot n) .r - 1’
~, - , I cct~~~ I

s L l  + rj

Thin: l y n n ’ ’ of I c : p c n n i . h : n i o - e  m l.  I c-u on .‘ in n g  anie l t 5  is in n-  n ’ ’~~’ l c I 1 y I . e

in - e l u s i o n  of - ‘I n c -  . c n ’ r e c ’ t j ~ ’ n :  t n:,: in I F- : i n n l i - n : : i t , i r n l ’ - ’n’ m I : ,
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n~an in iat i on  of the stat ionary phase ‘backscattered in tensi ty  ex r ’:-n . i- n .

[i- ~ j .  ( n~~) doe:: not reveal a similar d i f f i c u l t y  since the s l o e  was

-nva lu atei -.mt the :t at ion :nn-y phase point in Il -n . (1+12).

Because of the lack of agreement in the thc--src-tica’i - u r n I
t- x n- er’in :nermtal Lackscattering expressions , nc idit-ion’nI asoects  c - n c

- u ’k :ca tt er ing ’ r .r , .Ij len :. wi l l  ‘nave to be c-x ar n . irn e  t .  Tr. t i n e  nn ’ - : - : t se ct i  n ’ , .

f or -nx n nnnol e , a nual itative investigation of com posite surface - “caSt.- . i r e

wi l l  be :iv’nn:. Al e, it is hoped th ’mt in tIi~c next n- n-ct-re -s me n c-rt

the integrations of certain other promising bivariate , i i :t r ibut i c—r , :

wil l  be completed , .ini some results for c omI .-os it e  surfaces wi ll  be

- n ’ r - cm i i- mL ’le .

0. -?ornn mn c’cite In urface Theory

Ilecently there have been several attempt s to e: ’ : :- lnm in ,  hackscat ter ing

effect s by using the comp bsite surface nuc lei. Howeve r , a: point ed

out- in the introduction , these atte rnnnts have ns’t ely-s n n i n ys ic a l l y

consistent predictions for both backw’ar’i. an I i ’ cm ~ - ’t n’ n -n -it t ’ m-in~~. i n .

this section , qualitative arguments will be i- -n- -:.lc .r - -e ‘.‘:I . t n n i :  slocu

that t ine composite nature of the suilnice , n n ~~ l n - mVe a s h’ r il  l i ca n t eli ’ -n

only on the backscattered portion of t he  iritensit’,- . h:c- d”5 nli s,’tilo-

roo~--Inness does not s i g n i f i c ant l y  a f fect  tine specu I n i  t i - ’: 1c r -u r n ’  I

scatten-’:’ I i n t e n s i t y .

~‘ns: :une t i n e  cmii Ic - n : ‘ u r l : m - .ne proc-sc. : ., i n  ‘ c: ’ . ’’; 1 1

( x , y)  = ‘1
(x ,y) + ( y , ,~~) , ( C - - - )

‘.; h ’~ r ’n :mn- .I ‘
~~~ arc- inndc - n~-n -h’ n :t st~~4 i n t i - - - , r’n r :  Ic -n: l u n .  - n  l ornn ’ :-Hni ,

zero n::r;nmn , each with ii.n : - ‘n - n i :  :nt - m t i n -~_ . i- - al -1.1 .-I ~- j i :01 ‘ n an , I - n ’ : -

4 ‘~1
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l o n nm nt ion . In addition , the processes are such that the ~~s values of

the height s obey:

h1 >> h~- ,  and \ > h
1 . (70 )

: ‘: nuationi (70) merely implies that represents some large scale

roughness while -~~~~~ represents some small scale roughness. Here ~ is

the source wavelength, which must ‘be about the sc,me order of magnitude

or greater than h1
.

inecall that for the pressure, the statistical quantity of interest

is given by

-ik ’i~-( t  +~
‘
9 )

(EsinG - (1 i’~~p
)c058

r] 
. (e 

1 — )~ 
(7 1) 

-
‘

where n~, 
is defined as ~t~~/~~y and is independent of r , . Based on this

inde pendence , Eq. (71) can be written as

sinO
() 

- coso (K~1~ K~2)~( ) (7:)

/-ikY( 1
+’ )\

‘-her-: : 
Ø

rePresents  ~~ 
- - am id  a. O tt O  t i n c -  l—r - - .tc -ket :  :ni- ’.ir. t h e

st ochas t i c  average . If it is assunned that and n~ are distributed

in the s-inc manner , then essential ly

( )  xic
2Y

~ (h~+h~~] 
. ( ‘ -(f )

‘- ‘here X is the general niet ut-lon f -sr the characteristic function .
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However, from Eq. (70), one sees that

K ) = x E k
.
~

, 2(h~+h )1 xE k
2

72h~] .

°learly, the small scale roughness is insignificant in the character-

istic function .

Now examine the averages and. q
2
. If shadowing is ignored ,

then since 
~~~~ 

and 
~‘2 

rjere zero mean random processes , it is known
that and are also zero mean random processes if and ‘

2 
are

homogeneous . However, some very crude shadowing approximations can

‘be made . First recall that 
~ 

is the tangent to the surface at the

point (x ,y) on the surface. Then if the possibility of the point (x,y) , -

on the surface being shadowed by some other near lying surface point

is ignored, it can be claimed that the point is not shadowed if

- tane. < r~ < tanG . (~~5)

Hence the averages of and 
~2 

are not given by

= 

f~.~ n . ) d T~± , (7E)

but rather by

tanG

( )  j  ,

-tanGr

n ine :  onl y those values cd that  ii tm not n-ic-elcn- n - i w:i t I n  n - ’  ‘l (’ -:’I 1.:.—

both the mc — oli n . : an-I receiver can cu—n I c i  I -nh , ’ t - - t.~ 
- - - n - n -  : sun”-’ I m t  -- en d .

‘H
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In Eqs. (76) and (77), :( q . )  is the probability distribution of
and, will be requ~.red to be an even , zero mean function . With this in

- .ini-ni , various cases of Eq. (77) can now be investii ’ini :e.J . lii the

.noecular direction tanG . = tanG , then <i~ > and <n i ,.> e- -nual zero I ronr 1 ~n 
-

.eq . (77). Also , in forward scatter tanG. does not differ appreciably

fran: : tanG for most cases , and again cr11> and <t10 > are essentially

zero . However , for backscatterinig tanG .  -~ ~~, and , ‘le nnenuing on the

value of tanG , the averages can differ appreciably fr an: zero . i - ..r

normal incidence , tanG —
~ ~~~, and again and <r1 > are zero , i-ut an;

the n -r azing angle approache s S t O i C,  Eq .  (7 7 ) be e-sac-:

= _f~
.
~
(1i)dn . . ( 7tn )

This is the case where ~rI~ > and ~~ 2> take on their - -n ea t e st  valu e .

Suppose that while the rms value of the heights of the l aren scale--

roughness satisfies h1
>~I-, 2 as can often be the case , the inn s v :mtue ~.l

the slopes of the small scale roughness , s~~. sa t i s f ies  s >>o , . Then,

<‘~~~~ > ~ ~~fl 1
> , and if h

1
>~h~~, then Eq. ( 71:) become s

sinG x[~~ h~] + cosG <TLn>X{’n e hj] . ( 7 : )

A good. physical example of a c snnnl.:o:ite race:: where thin : would ‘be

true would be c arol dunes :: ad€n up ni an~ ’ul ar -raun . c  of s- ann-i . TI:-

heir-lit : of the dunes would be very nun-in er’:-it e n- t i n n i n i t i n e -n ’- in sizes ,

but the slopes of the angular inc - -n : of the gr’uin s. c-ru n : le very n -nc - I:

greater  than the slope: —i’ the -jun ’s . A r’:’d i.~l I : ‘ .-‘u’u’ p1-c -1 ’ cc:ul.—

t ’c r ’j nu’ by th in :  type of’ :i’nnpns it - - ::nlriar - i n  the - - n ’ i n ,  - - I ’ - :i - 1 .t

by seemingly fl at snow f’ields.

‘V
A - f  
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Examination of Es .  (79 ) reveals the very interesting behavior
- in n - it can ‘be exhibited ‘by certain types of composite surfaces .  For k

‘::on ’t forward and t ar  all specular scat ter ing,  the lea-i te n -mn. , wh i ci,

.iepen :dnn only on the large scale roughness, dominates. Al so , for b-ask-

scattering at near no~~~al incidence , the lead. tern domin ates;  that

is .  the large scale roughness is again the major fac to r .  iionneve r , for

bacinscattering at low grazing angles the second tern in Eq.  ( 7—. ) is

predominant . Hence , it is only at low grazing angle backsoat ten -  ti nt .

t ine snail scale roughness can contribute and only then if it In-a s ann

appreciable m s  slope value .

Let us surmnarize the preceding argi.mnents. For a conzpcc ite

surface model to be useful the following conditions roust he- met :

h1 >> hd.

s’-’ > > s1

The second condition merely implies t len .t the high frenmuencl,’ I i’:~it

roust not have been reached since the scattered in;tcnnsi t’,’ is then

strictig slope dependent , and the s-n n a l 1 sc-H e- rc’ngh:.ess n-;ill -ic-- :i ;,’ic

the scattering effects at -dl angles . : in,al I ,, icr ~-in.’,-:i- nnaI.l’,’ c - s n.-

n:istent results to be oi:-tained. for both fon’n’an”l - run - i  I :m.ckcc’ :t t - ~m - : i . n , ’ .

shadowing considerations m u s t  be employed. 
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